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Abstract
An experimental study of the eectiveness of the sorting strategies on the CERN Super-Proton-
Synchrotron is proposed. The eight strong extraction sextupoles used for diusion experiments
can be independently powered to simulate random errors. Numerical computations show that
a signicant spread in the dynamic aperture can be obtained. A sorting strategy based on
analytical quality factors allows a considerable improvement of the beam stability. A complete
analysis of the possible permutations shows that the good congurations are rather abundant.
The eectiveness of the ordering procedure is veried for long-term six-dimensional motion and
dierent working points. Situations are presented where the benecial eect of the sorting is
expected to be large and well measurable in realistic conditions of operation.
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1 Introduction
In large hadron colliders, such as the LHC [1], the random eld imperfections of the
superconducting magnets provoke the excitation of resonances and, as a consequence, a
reduction of the dynamic aperture (DA). During the last decade, sorting strategies have
been suggested to optimize the position of the magnets and to partially compensate the
detrimental eects of the errors [2, 3, 4, 5, 6, 7]. Notwithstanding the numerous literature
on the subject, several important issues are still unanswered.
{ In general, the number of the possible error congurations is exceedingly large and
therefore it is impossible to make an exhaustive search: the optimization procedure
is tailored for the limited computing power available, and it is unclear whether it
brings to the real optimum.
{ The sorting strategy is applied to a specic condition of the accelerator model.
Quite often both the synchrotron motion and the long-term eects are neglected;
moreover, in general the sorting is based on a subset of the expected imperfections.
Therefore, it is not clear whether such sorting procedures really produce a global
improvement of the beam stability for realistic operational conditions.
In a previous paper [7] we proposed a sorting strategy based on analytical quality fac-
tors (QF) derived from the one-turn nonlinear map through the perturbative methods of
normal forms [8, 9, 10, 11, 12]. Firstly, the best QF is identied by maximizing the corre-
lation with the DA evaluated through tracking. Then, the optimal sequence of the random
errors is found by minimizing the selected QF over a limited number of random permu-
tations of the magnets. Finally, the obtained conguration is checked through tracking.
This method has been applied to a simple accelerator model made up of eight LHC cells
and a betatron phase shifter, with only sextupolar random errors. We found that the best
QF is model-dependent: in the analysed cases the detuning with amplitude and the norm
of the coecients of the third order resonance were well-correlated with the short-term
DA (i.e. the DA calculated with 1024 turns). For the considered model we found a strong
benecial eect of the sorting, with a short-term DA gain by almost a factor 2. However,
we neglected long-term eects, and we did not test whether the improvement is conserved
by changing the operational conditions.
Indeed, one can still gain some experience on the open questions of the sorting strate-
gies by investigating them in simple scenarios, which should be possibly tested in a real
accelerator. In this paper we propose to carry out such investigations at the CERN Super-
Proton-Synchrotron (SPS) using the conguration of the diusion experiment [13]. The
eight extraction sextupoles, used to perturb the linear particle motion, can be indepen-
dently powered to simulate random errors. Then, the sorting strategy can be implemented
by simply changing the power supply currents. In this paper we carry out the necessary
numerical simulations to determine a set of sextupoles that can be successfully sorted
and we apply the methods developed in Ref. [7] to determine the best permutation. With
respect to the previous work, the following issues have been considered.
{ Complete analysis of the conguration space: due to the limited number of sex-
tupoles, we were able to evaluate both the short-term DA and the QF's of all
the permutations of the magnets. This has allowed us to build the distribution of
the DA's, that is an essential information to understand what kind of minimization
algorithms should be used and whether the better solutions are very rare or not.
{ Robustness of the sorting rule: the eect of long-term is checked for a few cases at
10
5
turns. Moreover, we also considered a change of the working point and the
coupling with synchrotron motion (6D dynamics).
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The main result of this analysis is that since the distribution of the DA of all the con-
gurations does not feature long thin tails, the good sequences are rather abundant and
therefore are relatively easy to nd. In fact, we showed that sophisticated algorithms
based on simulated annealing do not signicantly improve the DA with respect to a naive
solution obtained by the analysis of a very limited number of random permutations. We
also show that the benecial eect of sorting still holds for long-term, 6D motion and
dierent working points.
The set up of the sextupole gradient we have chosen, provides a spread in the DA
necessary to obtain an eective sorting with the existing SPS hardware. We thus propose
a possible scenario for an experimental verication of these computer simulations.
The plan of the paper is the following. In Section 2 we describe the experiment set-
up necessary to measure the improvement induced by the sorting procedure. The model
used in diusion experiments is outlined in 2.1. The selection of the best quality factor
using the correlation with the short-term DA is given in 2.2. The sorting procedure is
carried out in 2.3. A complete analysis of the conguration space and some theoretical
considerations about the search of the optimal solution is given in Section 3. The check
of the eectiveness of sorting with respect to neglected eects is carried out in Section 4.
Final conclusions are drawn in Section 5.
2 Sorting the SPS extraction sextupoles
2.1 The model for diusion experiments
The SPS in the conguration of diusion experiments [13] operates in coasting
mode, without RF, at 120 Gev/c. A set of 108 chromatic sextupoles is used to correct
the chromaticity. Residual orbit and linear coupling are assumed to be negligible. The
working point is chosen at Q
x
= 26:6059 and Q
y
= 26:5373. Eight strong sextupoles,
placed in symmetric locations around the ring, are normally used for the third order
resonance extraction. In the diusion experiment they are powered with a normalized
gradient of k
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). In order to cancel the third order resonance to the
rst order though still keeping the high order eects, four sextupoles have a positive
gradient and four have a negative gradient. We calculated the DA and the relative tune
footprint [7, 14] for 10
5
turns using the 4D code PLATO [15]. In this condition the long
term DA is 5:8 mm, whilst the short-term DA is 6:6 mm. In Fig. 1 we plot the stable
initial conditions in the (x; y) plane and the relative tune footprint, which shows that the
motion is strongly inuenced by a fth-order resonance.
In our experimental test we foresee a set-up of the sextupole gradients with a random




) is smaller than
the maximum gradient normalized at 120 GeV/c sustainable in storage mode, though it
provides a signicant spread in the DA. Due to the random distribution of the errors the
third order resonance is no more completely compensated at rst order.
2.2 Quality factors (QF) vs dynamic aperture
Using this conguration we evaluated the short-term DA and four quality factors:
the norm of the map, the norm of the tuneshift and the norm of resonances [3; 0] and
[5; 0] (see Ref. [7] for a detailed description). The DA is calculated by averaging the
radius of the last stable initial condition over 30 equally spaced values of the ratio of the
emittances. The results are shown in Fig. 2; a quantitative analysis of the best correlation
has been carried out by a least square tting with an exponential law. The correlation of
the coecients of the one-turn map is quite good, whilst the averaged tuneshift shows a
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poor correlation. The resonances [3; 0] and [5; 0], which show the best correlation, were
chosen to sort the extraction sextupoles. In the following sections we will indicate with
Q[3; 0] and Q[5; 0] the norm of the resonances [3; 0] and [5; 0] respectively.
2.3 The sorting eect
Once determined a QF well-correlated with the DA, several sorting procedures can
be applied. We used the naive selection of the best permutation among a very limited
number of random rearrangements (typically 100) of each seed. The distribution of the
DA for the unsorted and for the sorted case using the two selected QF is given in Fig. 3
for 100 dierent realizations of the random errors. The improvement of the average DA
for the case sorted with Q[5; 0] is about 15 %, while the lowest tail, i.e. the worst case
is improved by almost 50 %. The spread of the distribution reduces in both cases (see
Table 1). For the analysed seeds, the rule based on resonance [5; 0] seems to provide a
slightly better ordering, even though this dierence may be not signicant. We analysed
in detail the worst seed with a short term DA of 4:5 mm: after sorting with Q[3; 0] one
obtains 6:7 mm, whilst after sorting with Q[5; 0] one obtains a DA of 8:6 mm. In Fig. 4
we show the stability domain in the (x; y) plane and the related tune footprint of the
unsorted and of the sorted cases.
Table 1: Distributions of the DA for 100 seeds before and after sorting
Mean RMS
unsorted 7.5 1.1
sorted [3; 0] 8.3 0.9
sorted [5; 0] 8.5 1.0
One clearly sees that for this seed the second quality factor is more eective since
it allows a direct correction of the resonance [5; 0] that is the actual limiting factor of the
stability domain.
3 Analysis of the conguration space
A standard approach to the problem of searching the global maximum of a given
function dened over a very large set of discrete states is based on the simulated anneal-
ing [17], and it has been applied to the sorting problem in Ref. [6]. Its application to the
analysed case does not show a signicant improvement with respect to the naive choice
of the best conguration over 100 random permutations.
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Table 2: Ranges of DA, Q[3; 0] and Q[5; 0] for 100 random permutations of a given seed
and for the complete set of permutations.
100 permutations all permutations
DA 4.5 - 8.2 3.5 - 9.3
Q[3; 0] 43.2 - 3570 26.0 - 5849
Q[5; 0] 15.6 - 6599 7.38 - 8451
Furthermore, the annealing procedure is very CPU-time consuming because a huge
number of permutations must be taken into account. In our case almost 16000 iterations
were necessary for the algorithm to converge, i.e., a gure comparable to the total number
of permutations of the eight extraction sextupoles (i.e., 8! = 40320). The rather surprising
success of the rule based on the choice of the best permutation among a very limited
number of random rearrangements was investigated by computing the DA and the QF
distributions for all the possible permutations of a given seed (see Fig. 5). The distribution
of the QFs that have a good correlation with the short term DA is well peaked around the
good rearrangements, and therefore it is highly improbable not to nd a good sequence
with a reasonably small number of random choices. This is a positive feature, since it
guarantees that good permutations with a large DA are rather abundant, and therefore
the proposed approach should be rather robust with respect to neglected eects. The
shape of the distribution of the DA (see Fig. 5) is rather gaussian and covers the ranges
shown in Table 2. Furthermore we noticed that a random choice of a high number of
dierent seeds (see Fig. 6) generates DA and QF's distribution that are quite similar to
the distribution of all the permutations of a single seed, with a very weak dependence on
the DA value for the initial unsorted distribution. This is another crucial feature since it
guarantees that any seed can always be sorted to obtain a large DA. Equivalently, one
can argue that the small DA of a given seed is due to the bad sequence of errors and not
to the value of the errors, i.e., to the seed in itself.
4 Robustness of sorting
The eectiveness of sorting with respect to the short term DA has been veried
for a long-term run (10
5
turns). We analysed the bad seed shown in Fig. 3, that has
a short term DA of 4:5 mm and a long term DA of 4:4 mm. The results are shown in
Table 3: the long term DA sorted with Q[3; 0] is still 30 % better than the unsorted case.
A better result holds for Q[5; 0] which gives an improvement of 80 %. The persistence of
the improvement in the case of a full 6D motion has been veried with SIXTRACK [16]
calculating the DA over 10
5
turns. The results are shown in Fig. 7. The DA was evaluated
averaging the radius of the last stable particle along 6 ratios of emittances. Even though
this value is not extremely precise, it gives us an indication of the robustness of the sorting
eect when the synchrotron motion is added (see Table 3). We still have an improvement
which is slightly less than 30 % for Q[3; 0] and of 50 % for Q[5; 0]. Finally, the persistence
of the improvement was tested by changing the working point of the accelerator. The
tunes were shifted to Q
x
= 26:72 and Q
y
= 26:69, corresponding to the complement to
one of the fractional part of the LHC tune, and a long term run was made with PLATO
using the same ordered permutation found for the previous values of the tune. The DA
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and the relative tune footprint are shown in Fig. 8. The unsorted case has now a DA
of 3:8 mm while the sorted case has 7:3 mm for the Q[3; 0] and 5:7 mm for the Q[5; 0]
case: the improvement is still considerable, the DA is almost doubled with Q[3; 0] and is
increased by more than 50 % for Q[5; 0], and this proves that the correction by sorting
can be eective also on other working points.
Table 3: Dynamic apertures of a bad seed before and after sorting








unsorted 4.5 4.4 4.3
sorted [3; 0] 6.7 5.9 5.7
sorted [5; 0] 8.6 8.0 7.6
5 Conclusions
A conguration of the SPS with the existing hardware to test the eectiveness of a
sorting strategy has been found. The strategy used, based on quality factors related to the
strength of resonances [3; 0] and [5; 0], proves to be very eective. The obtained ordered
sequence for a bad seed shows a dramatic improvement in the DA also when long-term
and 6D motion are included. Due to the limited number of magnets (eight), a complete
analysis of the conguration space is possible and it has shown that naive methods of
the search of the best conguration over a very limited number of random permutations
are already very eective. More sophisticated strategies based on simulated annealing
seem to be unnecessary, having also the drawback of requiring a very high number of
congurations to be analyzed. In our opinion these results should be directly tested on
the CERN-SPS to obtain the rst experimental evidence of the eectiveness of sorting.
Furthermore we observe that the compensation of the random errors can be done in
a global manner, whilst, very often, local compensations are preferred in sorting strategies.
This suggests to extend such a procedure also to the CERN-LHC. In our present view,
each of the eight arcs of the CERN-LHC may be eected by specic magnetic errors
whose average changes from arc to arc. The global procedure outlined here may be tested
to order the arcs of the CERN-LHC as to improve the transverse beam stability.
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Figure 1: SPS lattice used in diusion experiments: dynamic aperture over 10
5
turns (left)
and relative tune footprint (right). Horizontal and vertical Courant-Snyder coordinates
are indicated by x and y respectively.
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Figure 2: Correlation of short-term DA with the quality factors: a) norm of the map; b)
norm of the tuneshift; c) norm of the resonance [3; 0]; d) norm of the resonance [5; 0].
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Figure 3: Distribution of short-term DA before (white) and after sorting (grey) using
Q[3; 0] and Q[5; 0].
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Figure 4: Long-term DA calculated over 10
5
turns (left) and relative tune footprint (right)
for an unsorted seed (a) and for the sorted seed with Q[3; 0] (b) and Q[5; 0] (c).
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Figure 5: Distribution of short-term DA (a), of quality factors (b) and (c), and QF's
correlation with DA (d) and (e) for all the permutations of a bad seed.
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Figure 6: Distribution of short-term DA (a), of quality factors (b) and (c), and QF's











































Figure 7: Long-term (10
5
turns) four- and six-dimensional DA calculated for a bad seed
before and after sorting.
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Figure 8: Long-term DA calculated over 10
5
turns (left) and relative tune footprint (right)
for an unsorted seed (a) and for the sorted seed with Q[3; 0] (b) and Q[5; 0] (c). The linear
tune has been shifted to the complement to one of the fractional part of the LHC value.
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